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Abstract
Since the Schwarzschild-de Sitter spacetime is static inside the cosmological event horizon, if the dark
energy state parameter is sufficiently close to −1, apparently one could still expect an effectively
static geometry, in the attraction dominated region inside the maximum turn around radius, RTA,max,
of a cosmic structure. We take the first order metric derived recently assuming a static and ideal
dark energy fluid with equation of state P (r) = αρ(r) as a source in Ref. [1], which reproduced the
expression for RTA,max found earlier in the cosmological McVittie spacetime. Here we show that the
equality originates from the equivalence of geodesic motion in these two backgrounds, in the non-
relativistic regime. We extend this metric up to the third order and compute the bending of light
using the Rindler-Ishak method. For α 6= −1, a dark energy dependent term appears in the bending
equation, unlike the case of the cosmological constant, α = −1. Due to this new term in particular,
existing data for the light bending at galactic scales yields, (1 + α) . O(10−14), thereby practically
ruling out any such static and inhomogeneous dark energy fluid we started with. Implication of this
result pertaining the uniqueness of the Schwarzschild-de Sitter spacetime in such inhomogeneous dark
energy background is discussed.
Keywords : Dark energy, static solution, light bending
1 Introduction
One of the most remarkable predictions of the General Theory of Relativity is the bending of a light
trajectory, in stark contrast with the flat spacetime [2, 3]. As long as the spacetime curvature is small
compared to the variation of the phase of the Maxwell field, it can be shown that the phase velocity
4-vector is a null geodesic. Thus, it is reasonable to treat the trajectory of the Maxwell field or light to be
a null geodesic at least for non-singular spacetimes, known as the null geodesic approximation [2]. For the
Schwarzschild spacetime in the weak gravity regime, the azimuthal deflection angle due to the bending of
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a light ray, whose initial and final observation points are located in the asymptotic flat region turns out
in the leading order to be ∆ = 4piGM/b. Here M is the mass of the gravitating object and b = L/E
is the impact parameter or the distance of the closest approach to M , where E and L are respectively
the conserved energy and the orbital angular momentum. For the solar system, a light trajectory which
grazes the surface of the Sun, one has ∆ ≃ 1.75 arc seconds. A successful detection of ∆ was one of the
first classic observational confirmations of the General Relativity (see e.g. [2] and references therein). The
aforementioned formula for light bending also passes with flying colours at the galactic length scales, see [4]
and references therein. We also refer our reader to e.g. [5, 6] for a quantum field theoretic derivation of
the same effect, by considering the gravitational analogue of the Coulomb scattering diagram of quantum
electrodynamics and also for loop effects.
The observational confirmation of the accelerated expansion of our universe strongly indicates that it
is endowed with the so called dark energy, see e.g. [7] and references therein. The simplest and a very
successful model of the dark energy so far has been the positive cosmological constant Λ, for which a static
and spherically symmetric metric, namely the Schwarzschild-de Sitter spacetime can be derived,
ds2 = −
(
1− 2MG
r
− Λr
2
3
)
dt2 +
(
1− 2MG
r
− Λr
2
3
)−1
dr2 + r2
(
dθ2 + sin2 θdφ2
)
(1)
breaking the asymptotic flat boundary condition of the Schwarzschild geometry (Λ = 0). The derivation of
the light bending in the Schwarzschild spacetime explicitly uses the asymptotic flat boundary condition [2].
Thus it becomes interesting on both physical and technical grounds, to develop a formalism to include
asymptotic non-flat boundary conditions as well, in order to incorporate the effect due to Λ or any other
dark energy model, into this phenomenon. Certainly, owing to the observed tiny value of the dark energy
density (Λ ∼ 10−52m−2), one should expect negligible effect due to Λ into the light bending, if there
is any, at small scales like the solar system. However, since the Λ-term in the above metric increases
monotonically with the radial distance, it is reasonable to expect that such effect could be considerable at
large length scales pertaining galaxies or the clusters of galaxies.
To the best of our knowledge, the first of the successful computations regarding the effect of the dark
energy in the light bending phenomenon appeared in [8, 9, 10]. It was shown in [9] that even though Λ does
not appear explicitly in the bending equation, in the expression for the bending angle it appears indeed,
via an inner product to define the angle and the first order Λ-contribution was shown to be −ΛR30/6MG,
where R0 is the distance of the closest approach. The minus sign signifies the repulsive effect. (We shall
elucidate this so called Rindler-Ishak method, technically in Section 4. Further in [10], the existing lensing
data for large scale structures was used in this formalism and a new, independent upper bound of the
cosmological constant, Λ . 10−50m−2, was found.
Since this initiation, considerable efforts are being paid to pursue various aspects of this novel phe-
nomenon, e.g. [11]-[34] (also references therein), with the goal to check whether we may use light bending
as a direct probe to the dark energy. In particular, various aspects of gravitational weak and strong lens-
ing in the presence of a positive Λ can be seen in [11]-[20] and references therein. We refer our reader to
e.g. [23]-[29] for discussions on light bending in de Sitter black hole spacetimes with rotation and charge.
In [30, 31, 32], discussions of this phenomenon in the context of conformal and some other modified grav-
ity theories can be found. See [33] for a discussion on the effect of a naked curvature singularity on light
bending. We also refer our reader to [34] for a derivation of the bending angle in the de Sitter cosmic
string background.
On the other hand, however, there has been considerable criticism to Rindler-Ishak’s formalism,
e.g. [35, 36, 37, 38], as well. The chief objection raised is that, if one uses the cosmological McVittie
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description instead of the static geometry, there will be no light bending due to Λ at all, in the leading
order. However, recently in [39], a non-vanishing contribution of Λ has been claimed for the McVittie
spacetime, by using an effective local mass function. Thus it would be fair to admit that the debate is still
far from being over.
Can we use this phenomenon to probe or constrain possible inhomogeneity of the dark energy in a static
background, pertaining isolated structures decoupled from universe’s expansion? Different static descrip-
tions of spacetimes with nontrivial dark energy in the context of light bending was earlier attempted in
e.g. [8, 25, 40] also. See also [41, 42] (also [43] for a recent review and list of references) for a discussion
on the so called mimetic model of the inhomogeneous dark energy.
Even though for the dark energy equation of state P (t) = wρ(t) with w 6= −1, there is no notion
of a static spacetime geometry as such, we might expect a priori such a description to hold effectively
up to a certain length scale, as follows. Since the positive Λ fits various data exceedingly well [7], we
may imagine w to be sufficiently close to minus of unity. Since with a positive Λ we indeed have a static
description of our spacetime, Eq. (1), up to the cosmological event horizon, it seems reasonable to expect
that it will be so for w sufficiently close to minus of unity as well effectively, but up to some relevant
length scale much smaller than the horizon. That length scale naturally seems to be the maximum turn
around radius RTA,max (also sometimes called the static radius) – the point where the attraction due to
the mass M of a spherical structure gets precisely balanced with the repulsion due to the ambient dark
energy [44, 45, 46, 47]. Note that this is analogous to the vacuole model of a structure inside the Einstein
radius discussed in e.g. [10, 22] and references therein, for ΛCDM.
In the region r ≤ RTA,max, we shall consider an effective static and spherically symmetric description
of the spacetime with a dark energy fluid with equation of state PE(r) = αρE(r). There is no reason to
imagine that such description of the dark energy is a fundamental one. In other words, with such effective
description, we cannot possibly assert that α equals the state parameter w of the homogeneous description
of the dark energy, PE(t) = wρE(t), holding beyond the maximum turn around radius.
It was shown in [46, 47] that for ΛCDM, the computation of RTA,max yields the same result via both
time independent Schwarzschild-de Sitter spacetime, Eq. (1), and the time dependent cosmological scalar
perturbation theory,
RTA,max =
(
3MG
Λ
)1/3
In [47], this result was also extended to the dark energy state parameter w 6= −1, using cosmological scalar
perturbation theory, yielding
RTA,max =
( −6MG
Λ(1 + 3w)
)1/3
(with w < −1/3) (2)
where setting w = −1 recovers the ΛCDM result. Can we derive this result, using a static geometry as
well, just like in ΛCDM? Indeed very recently in [1], a static and spherically symmetric linearized metric
using the aforementioned effective static and dark energy fluid as the source was derived,
ds2 ≈ −
(
1− 2MG
r
+
(1 + 3α)Λr2
6
)
dt2 +
(
1 +
2MG
r
+
Λr2
3
)
dr2 + r2dΩ2 (3)
Setting α = −1 recovers Eq. (1) in the leading order, in which case the constant Λ is interpreted as
the cosmological constant. The maximum turn around radius for this metric corresponds to the max-
imum of the norm, f (≡ −gtt), of the timelike Killing vector field (∂rf = 0) [46], giving RTA,max =
3
(−6MG/Λ(1 + 3α))1/3, formally similar to Eq. (2). We shall see that this equality basically originates
from the equivalence the equation of motion of a non-relativistic test particle in Eq. (3) and in the cosmo-
logical McVittie spacetime, Section 2. These two results certainly motivate us to take a further look into
Eq. (3).
Since setting α = −1 in Eq. (3) recovers Eq. (1), the staticity of the dark energy for α 6= −1 should
be analogous to possible inhomogeneity (i.e. ρ ≡ ρ(r)) in it. The crucial task now is to precisely find
a bound on such inhomogeneity and to distinguish between the static and time dependent, spatially
homogeneous descriptions of the dark energy. We note that a possible caveat in any inhomogeneous dark
energy fluid model could be the local instability arising from the imaginary sound speed. Let us imagine
a perturbation is built in a small spacetime region. Due to the imaginary sound speed, the perturbation
cannot propagate and it might eventually create an instability by growing with time. However, as long
as α is sufficiently ‘close’ to −1, it seems fair to expect such effects to be not significant, in a reasonable
timescale. Nevertheless, we may avoid such instability at sufficiently late times as well, by modifying the
equation of state as follows. The growth of the perturbation with time would also backreact and the fluid
would eventually become time dependent. We may modify the effective fluid description now to be
PE(r, t) = (α+ δα(r, t)) ρE(r, t)
So that we have the adiabatic sound speed,
c2a :=
P˙E
ρ˙E
= α+ ρE
δα˙
δρ˙E
Note that this is analogous to what is done in order to define a sound speed in homogeneous cosmological
models as well, e.g. [48], by allowing the state parameter to vary with time. Now when the perturbation
grows big, we can expect the second quantity on the right hand side to be comparable with the first
term which is negative. If the second quantity is positive, we might expect a non-vanishing sound speed,
through which the dark energy perturbation would propagate, eventually taming down the local instability.
Nevertheless, it would turn out that such inhomogeneity in the dark energy we start with is practically
ruled out, as follows.
We shall further extend Eq. (3) up to the third order in Section 3. Note that gtt · grr 6= −1 for Eq. (3),
consistent with the general theorem established in [49], that for the equality one must have Tt
t + Tr
r = 0
(Section 3). In Section 4, we shall derive the bending equation for light and will see that unlike the α = −1
case [9], a term containing the dark energy shows up in the bending equation (Eq. (25)), originating from
that inequality. We shall further show in Section 4.1 that due to this term in particular, the existing data
for the light bending at galactic scales leads to a severe constraint : (1+α) . 10−14. This precise number
is the main result of this paper and such astonishing smallness was certainly not obvious a priori. It
shows that, inside the maximum turn around radius of a structure, as far as obtaining a static spacetime
geometry is concerned in an effective static and ideal dark energy fluid background, the Schwarzschild-de
Sitter, Eq. (1), is the only acceptable solution. We finally conclude in Section 5.
We shall use mostly positive signature for the metric (−,+,+,+) and will set c = 1 throughout. We
shall always implicitly assume below that the dark energy is ‘close’ to a positive Λ, so that our above
assertion of static description inside RTA,max expectedly remains justified.
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2 Equivalence of non-relativistic motion in Eq. (3) and McVittie
spacetime
The maximum turn around region is a non-relativistic regime for a massive test particle where its accel-
eration vanishes [46]. We shall show below that the equality of RTA,max found using Eq. (3) and using
cosmological framework basically originates from the equivalence of the geodesic equation in the non-
relativistic regime in Eq. (3) and in the cosmological McVittie spacetime.
We start with the geodesic equation,
d2xµ
dλ2
+ Γµνρ
dxν
dλ
dxρ
dλ
= 0,
and consider Eq. (3) first. Due to the spherical symmetry, we can set θ = pi/2. Then in the week field
limit we are interested in, the leading order radial equation becomes
d2r
dt2
+
GM
r2
+
(1 + 3α)Λr
6
− L
2
r3
= 0 (4)
where we have set the proper time to be equal to the coordinate time in the non-relativistic limit, λ ∼ t,
and the radial velocity dr/dλ in this limit is much small compared to unity and also, Γrtt ≈ GM/r2 + (1+
3α)Λr/6. We also have used the conserved orbital angular momentum, L = r2dφ/dt. The maximum turn
around condition is obtained by setting d2r/dt2 = 0 for radial geodesics (L = 0).
The McVittie metric, on the other hand, reads at the linear order, in the absence of any off-diagonal
spatial stresses [7],
ds2 = − (1− 2Ψ(R, t))dt2 + (1 + 2Ψ(R, a(t))) a2(t) [dR2 +R2dΩ2] (5)
where we have the Newton potential, Ψ = GM˜/Ra(t) and a(t) is the scale factor. The dark energy is
specified as
TE00 = ρE(t) T
E
ij = a
2(t)PE(t)δij
whereas the cold dark matter energy momentum tensor is given by,
TM00 = ρm(t) T
M
ij = 0
We take the equation of state PE(t) = wρE(t), to have for the background homogeneous spacetime,
ρE(t) = ρ0Ea
−3(1+w)(t) ρm(t) = ρ0ma
−3(t) (6)
where ρ0E and ρ0m are integration constants. We have from the spatially homogeneous Einstein’s equations
H2(t) =
a˙2
a2
=
8piG
3
(
ρ0E
a3(1+w)(t)
+
ρ0m
a3(t)
)
, H˙(t) = −4piG
(
ρ0E(1 + w)
a3(1+w)(t)
+
ρ0m
a3(t)
)
(7)
Defining now the proper radial coordinate, r = a(t)(1 + Ψ)R, we rewrite Eq. (5) as
ds2 ≈ − (1− 2Ψ−H2(t)r2) dt2 + (1 + 2Ψ)dr2 − 2H(t)rdrdt + r2dΩ2 (8)
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where since we are interested in the subhorizon length scale, we have ignored the temporal variation of
the potential Ψ with respect to its spatial variation. The equation of motion for a non-relativistic particle
in the above background becomes
d2r
dt2
+
(
1
2
gtr∂tgtt + g
rr∂tgtr − 1
2
grr∂rgtt
)
− L
2
r3
= 0 (9)
which becomes in the leading order, after computing the connections from Eq. (8)
d2r
dt2
− r(H˙ +H2)− ∂rΨ− L
2
r3
= 0 (10)
which, after using Eq. (7) and the expression for Ψ becomes
d2r
dt2
+
8piGρ0E (1 + 3w)r
6a3(1+w)(t)
+
G(M˜ + δM˜(t))
r2
− L
2
r3
= 0 (11)
where
δM˜(t) :=
4piρm(t)r
3
3
is the contribution of the homogeneous cold dark matter to the mass.
Thus the formal equivalence of Eq. (4) and Eq. (11) is apparent via the following identifications of the
observable quantities at a given cosmological time t = t0 :
M ≡ M˜ + δM˜(t = t0) and Λ ≡ 8piGρ0E
a3(1+w)(t = t0)
just because in Eq. (1), Eq. (3) or Eq. (4), we are using the current observed values of the dark energy
density and the mass and the time scale of observing a test particle is certainly much smaller than the time
required to change the scale factor and hence the dark energy/dark matter density to any considerable
extent.1
Thus both Eq. (3) and Eq. (8) predict equivalent leading order non-relativistic geodesic trajectory, such
as a star orbiting the galactic centre. This serves as the key motivation to the computations we make
below.
3 The metric in higher perturbative orders
Let us start with the ansatz for a static and spherically symmetric spacetime,
ds2 = −f(r)dt2 + h(r)dr2 + r2 (dθ2 + sin2 θdφ2) (12)
In this background, we may take the energy momentum tensor for the dark energy fluid as,
TEab = ρE(r)uaub + PE(r) (gab + uaub) , (13)
1Note that since the scale factor is dimensionless, it must be a function of ∼
√
Λt. Thus for any interval of observation of
the cosmic time from t = t0 to t = t0 + T with T ≪ t0 as t0 is the age of the universe, the scale factor practically remains
unchanged.
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where ρE , PE and ua are respectively the energy density, pressure and the velocity of the fluid’s world
line. For a static geometry, the world lines ua of a backreacting fluid must be parallel to the orbits of the
timelike Killing vector field. Thus, normalizing uau
a = −1, we can take ua = f−1/2(∂t)a. We assume the
equation of state PE = αρE with ρE > 0 where α is a constant. Thus we have
Rabu
aub = 8piG
(
TEab −
1
2
TEgab
)
uaub = (1 + 3α)8piGρE(r)
so that in order to violate the strong energy condition or to generate the repulsive effect [2], we must have
α < −1/3. The Einstein equations for this system are given by
h′
h2r
+
1
r2
− 1
hr2
= 8piGρE(r),
f ′
hfr
+
1
hr2
− 1
r2
= 8piGαρE(r)
f ′′
2fh
− h
′
2h2r
+
f ′
2fhr
− f
′h′
4h2f
− f
′2
4f2h
= 8piGαρE(r) (14)
where a ‘prime’ denotes differentiation once with respect to the radial coordinate. It is easy to find,
expanding the conservation equation, ∇aTEab = 0,
(1 + α)
2αf
df
dr
+
1
ρE
dρE
dr
= 0, (15)
which yields
ρE(r) =
ρ0
f
1+α
2α
(16)
where ρ0 is an integration constant. The above relation is an analogue of the time dependence of the energy
density, ρE ∼ a−3(1+w)(t) in a spatially homogeneous cosmological spacetime, where the scale factor a(t)
is equivalent to the redshift or the Tolman factor f(r), for a static spacetime.
With the help of Eq. (15) and Eq. (16), Eq. (14) can be solved perturbatively as follows, starting from
the maximum turn around radius, RTA,max. This point corresponds to the maximum of the norm of the
timelike Killing vector field, f ′(r) = 0, where the acceleration corresponding to the orbits of the timelike
Killing vector field,
(∂t)
a∇a(∂t)b = 1
2
gab∇bf ≡ f
′
2h
vanishes. Eq. (15) then shows that we may ignore the variation of ρ(r) at or around the maximum turn
around radius. Then writing ρE = ρ0 (const.) and setting 8piGρ0 = Λ into the Einstein equations, we
arrive at the first order metric in Eq. (3) [1]. Also, by adding the first two of Eq. (14), we get
∂r ln(fh) =
Λ(1 + α)rh
f
1+α
2α
showing that gtt ·grr = −1 is possible only with either α = −1 or Λ = 0. In other words, since TEt t+TEr r =
(1 + α)ρE(r) 6= 0 for α 6= −1, we have gtt · grr = −(1 + (1 + α)Λr2/2) for Eq. (3), in accordance with the
general theorem of [49].
Now, for structures with mass starting from a few solar mass up to as large as 1017M⊙, it is easy to see
that the O(GM/r) and O(Λr2) terms are much smaller compared to unity in the maximum turn around
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region. Thus setting ρ or P as constants in Eq. (14) could also be interpreted just as – keeping only the
leading order terms in the source.
We can continue the perturbative iteration now, in order to extend the above metric off the maximum
turn around length scale. In the next order of the perturbation theory, clearly, we have to take f(r) from
Eq. (3) and substitute
ρE(r) =
ρ0
f
1+α
2α (r)
≈ ρ0
(
1 +
GM(1 + α)
αr
− (1 + α)(1 + 3α)Λr
2
12α
)
on the right hand side of Eq. (14), to obtain the second order perturbative metric
f(r) ≈
(
1− 2MG
r
+
(1 + 3α)Λr2
6
+
GMΛr(4α2 + 5α+ 1)
2α
+
Λ2r4(3α+ 51α2 + 45α3 − 3)
720α
)
h(r) ≈
(
1 +
2MG
r
+
Λr2
3
+
4G2M2
r2
+
GMΛr(11α+ 3)
6α
+
Λ2r4(8α− 3− 9α2)
180α
)
(17)
Setting α = −1 above again recovers the Schwarzschild-de Sitter spacetime Eq. (1), expanded up to the
second order. Likewise for the third order, using Eq. (17) we get
ρE(r) ≈ ρ0
(
1 +
GM(1 + α)
αr
− (1 + 4α+ 3α
2)Λr2
12α
+
G2M2(1 + 4α+ 3α2)
2α2r2
−GMΛr(1 + α)(21α
2 + 21α+ 4)
12α2
+
Λ2r4(1 + α)(4 + 21α+ 42α2 + 45α3)
720α2
)
and substitute it into the Einstein equations, to obtain
f(r) ≈
(
1− 2MG
r
+
(1 + 3α)Λr2
6
+
GMΛr(4α2 + 5α+ 1)
2α
+
Λ2r4(3α+ 51α2 + 45α3 − 3)
720α
+
GMΛ2r3(90α4 + 129α3 + 28α2 − 15α− 4)
144α2
+
Λ3r6(27α4 + 6α3 − 28α2 − 6α+ 1)
7560α2
)
h(r) ≈
(
1 +
2MG
r
+
Λr2
3
+
4G2M2
r2
+
GMΛr(11α+ 3)
6α
+
Λ2r4(8α− 3− 9α2)
180α
+
8G3M3
r3
+
G2M2Λ(15α2 + 8α+ 1)
2α2
− GMΛ
2r3(153α3 + 34α2 + 61α+ 20)
240α2
+
Λ3r6(135α4 − 243α3 + 77α2 − 93α+ 12)
15120α2
)
(18)
Setting α = −1 above once again recovers the Schwarzschild-de Sitter spacetime, expanded up to the third
order. In principle one can continue such iteration up to arbitrary order of the perturbation but for our
current purpose the above would be suffice. Note that since the above metric was derived starting from
RTA,max, the higher order terms in the mass, in particular, becomes relevant as we move inward. On the
other hand, such static scenario certainly cannot be appropriate for length scales larger than RTA,max, for
such length scale falls essentially into the realm of the accelerated expansion.
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Moreover, not all the terms appearing in Eq. (18) would be phenomenologically relevant, keeping in
mind that we are working at length scales much smaller than the Hubble radius (∼ 1/
√
Λ). We thus would
retain and work with only the following phenomenologically leading terms in the metric function,
f(r)|effective ≈
(
1− 2MG
r
+
(1 + 3α)Λr2
6
+
GMΛr(4α2 + 5α+ 1)
2α
)
h(r)|effective ≈
(
1 +
2MG
r
+
4G2M2
r2
+
8G3M3
r3
+
Λr2
3
+
GMΛr(11α+ 3)
6α
)
(19)
The O(Λr2) terms contribute to the leading order of the light bending due to the dark energy, as discussed
in [9, 10] and in many other places for α = −1. The O(GMΛr) terms, being much less than Λr2, should
be regarded as the next to leading order effect into this phenomenon, both due to the dark energy and the
mass. We shall use below these effective metric functions only, to compute the effect of the dark energy
in the bending of light.
4 Light bending with α 6= −1 and consistency with solar system
data
Let us first construct the equation for a geodesic ua ≡ dxa/dλ, where λ is an affine parameter along the
geodesic, travelling in the background of Eq. (12). We take the norm uaua = −κ where κ = 0 (1) for null
(timelike) trajectory. Owing to the spherical symmetry of the spacetime, we set θ = pi/2 and obtain
−f(r)
(
dt
dλ
)2
+ h(r)
(
dr
dλ
)2
+ r2
(
dφ
dλ
)2
= −κ. (20)
The time translation Killing vector field (∂t)
a and the rotational Killing vector field (∂φ)
a admits two
conserved quantities – the energy (E) and the orbital angular momentum (L) [2],
E = −gab(∂t)aub = f(r) dt
dλ
L = gab(∂φ)
aub = r2
dφ
dλ
(21)
Using Eq. (21) into Eq. (20), we get
dr
dλ
=
1√
fh
[
E2 − f
(
L2
r2
+ κ
)]1/2
(22)
The qualitative difference of geodesic motion between spacetimes with f · h 6= 1 with that of f · h = 1 is
apparent here – for the former case, we have an energy dependent effective potential term, like that of the
stationary axisymmetric spacetimes, see e.g. chapter 12 of [2].
Combining the above equation with the second of Eq. (21) and defining the customary new variable
r = 1/u we find for the null geodesic (κ = 0),
du
dφ
= −
[
E2 − L2u2f(u)]1/2
L
√
f(u)h(u)
(23)
Differentiating once again with respect to φ, we obtain
d2u
dφ2
= −∂u(fu
2)
2fh
−
(
E2/L2 − fu2) ∂u(fh)
2(fh)2
(24)
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where f and h are understood as functions of u. Substituting for the third order metric functions from
Eq. (19) and ignoring higher order terms due to Λ, we get
d2u
dφ2
+ u = 3MGu2 +
Λ(1 + α)
2b2u3
+
3GMΛ(2α2 + 3α+ 1)
4α
(25)
where we have written L/E = b, the impact parameter. Setting α = −1 recovers the equation for the
Schwarzschild-de Sitter background [9].
We note here the chief differences between our approach and an analogous recent attempt for light
bending computation with an effective static dark energy [40]. First, unlike ours Eq. (3) or Eq. (19) the
metric of [40] has gtt · grr = −1. As a result the dark energy dependent term in the bending equation
Eq. (25) is different from ours there. Also, the maximum turn around radius for α 6= −1 found in
that reference (called there the ‘critical radius’) is formally different from what we obtain in Eq. (2) or
equivalently in the context of the cosmological scalar perturbation theory, in [47].
Before we solve the above equation, let us first set α = −1 and review briefly the formalism of [9],
d2u
dφ2
+ u = 3MGu2 (26)
The homogeneous part of he above equation has harmonic solutions which we take to be sinφ/R0 where
the constant R0 is the distance of the closest approach (φ = pi/2 in fig. 1). This corresponds to setting
dr/dλ = 0 in Eq. (22), which in the leading order becomes R0 = L/E = b. Clearly, the homogeneous
solution corresponds to the undeflected light traveling in the absence of any gravity. The choice of the
sin-function guarantees that φ → 0, 2pi as r → ∞. Even though such asymptotic limit makes sense only
with Λ = 0, taking solutions satisfying such limit ensures that we recover the correct Schwarzschild limit
when we set Λ = 0.
In order to get some feasible effect in light bending due to the dark energy, owing to its tiny observed
value, we must go away from the Schwarzschild radius of the central object, making the right hand side
of Eq. (26) ‘small’. Thus the idea becomes to substitute the first order homogeneous solution on the
right hand side and solve for the full inhomogeneous equation and continuing the perturbative iteration
procedure likewise.
Thus, substituting u = sinφ/R0 on the right hand side of Eq. (26), taking a trial solution of the form
u = A+ sinφ/R0 +B sin
2 φ where A, B are constants gives the next to the leading order solution
u =
sinφ
R0
+
3GM
2R20
(
1 +
cos 2φ
3
)
(27)
Likewise after substituting
u2 ≈ sin
2 φ
R20
+
3MG sinφ
R30
(
1 +
cos 2φ
3
)
we get the second order solution [10]
u =
sinφ
R0
+
3GM
2R20
(
1 +
cos 2φ
3
)
+
3M2G2
16R30
(10pi cosφ− 20φ cosφ− sin 3φ) (28)
The Rindler-Ishak method to compute the bending angle goes as follows [10]. Let ψ be the angle (fig. 1)
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Figure 1: Schematic diagram representing the bending of light. The one-sided bending angle is (ψ − φ).
Full bending angle is just twice of that, owing to the reflection symmetry with respect to the line φ = pi/2.
between the φ = constant line and the trajectory, given by
cosψ =
γijn
ilj
(γijninj)1/2(γij lilj)1/2
(29)
where γij is the induced metric on the (r, φ) plane (≡ h(r)dr2 + r2dφ2), ni and li are respectively the
tangent vectors along the spatial part of the trajectory and the φ = constant lines. We differentiate
Eq. (27) with respect to φ to get
dr
dφ
=
r2 cosφ
R0
(
2GM
R0
sinφ− 1
)
(30)
We have also
ni ≡ {dr, dφ} =
{
dr
dφ
, 1
}
dφ li ≡ {0, 1}dφ (31)
Then it turns out that [9]
cosψ =
|dr/dφ|
[(dr/dφ)2 + r2/h(r)]
1/2
(32)
and
tanψ =
r√
h|dr/dφ| (33)
For small bending angle, tanψ ≈ ψ. One then puts φ ≈ 0 for large distance away from the source, for
which from Eq. (27) r = R20/2MG and finally multiples with 2 to get the full bending angle, fig. 1,
∆ = 2(ψ − φ) ≈ 2ψ = r√
h|dr/dφ|
∣∣∣∣∣
φ=0
≈ 4MG
R0
− ΛR
3
0
6MG
(34)
Let us come to Eq. (25) now. The leading term is the first one on the right hand side and the second term is
the leading contribution from the dark energy, while the third term is clearly much tinier than both. Note
that this particular term, being a constant, would appear in the expression for u(φ) just as an additive
constant. Accordingly, this would not contribute to the light bending, Eq. (32), which is determined by
dr/dφ. We emphasize here the qualitative difference between the Schwarzschild-de Sitter spacetime and
Eq. (19) – we have a direct and impact parameter dependent contribution due to the dark energy into the
bending equation, Eq. (25). We may compare the mass term with that of the second appearing on the
right hand side of that equation in the solar system, in order to have a feel. For the solar system, a light
ray that gradges the surface of the Sun, the bending angle is predicted and observationally verified to be
around 1.75 arc seconds [2]. Equating this with 4MG/b and using MG ∼ 103m for the Sun, we obtain
b ∼ 107m, which is, of course, approximately the radius of the Sun. Then for Λ ∼ 10−52m−2, we can
see that the mass term, at the length scale of the closest approach, is about 1018 times larger than the
dark energy term. However, this would not be the case at large length scales like galaxies or the cluster of
galaxies for α 6= −1 leading to severely constraining α to minus unity, which we shall prove below.
We shall solve Eq. (25), perturbatively, assuming quite naturally that the dark energy’s contribution
should be small compared to the mass term. While the contribution due to the mass term is obviously the
same as Eq. (27) or Eq. (28), we plug Eq. (27) into the dark energy term of Eq. (25). We could not find a
closed form solution to this and solved it for φ≪ 1, corresponding to the leading contribution of the dark
energy
u|φ≪1(dark energy) = 3Λ(1 + α)R
7
0
128b2(GM)4
(2φ cosφ− pi cosφ) + higher order terms (35)
Note that the term proportional to pi cosφ is just the solution of the homogeneous part d2u/dφ2 + u = 0.
We have added this term, to make u symmetric with respect to the line φ = pi/2. Putting these all in
together, and using sinφ ≈ φ, cosφ ≈ 1 as φ≪ 1, we have
u =
1
r
≈ φ
R0
+
2GM
R20
+
3M2G2
16R30
(10pi − 23φ) + 3Λ(1 + α)R
7
0
128b2(GM)4
(2φ− pi)
+
3GMΛ(2α2 + 3α+ 1)
4α
(36)
Differentiating this once with respect to φ, substituting then into Eq. (33) and using Eq. (19) we can obtain
tanψ. Also, as we have seen (discussions below Eq. (26), at the leading order R0 = b. In the next order,
it is easy to find by setting dr/dλ = 0 in Eq. (22) that R0 ≈ b −MG. The actual sizes of non-black hole
large scale structures are much larger than their Schwarzschild radii and the minimum value of R0 must
be the actual size itself. In other words, R0, b≫MG and hence we may safely take R0 ≈ b in Eq. (35) to
find dark energy’s leading contribution. Also, using as φ→ 0 in Eq. (36), we have at the leading order,
1
r
≈ 2GM
R20
+
15piM2G2
8R30
Taking tanψ ≈ ψ in Eq. (33) as earlier for small bending angle, we obtain the first order contribution due
to the dark energy along with the usual terms,
ψ ≈ 2GM
R0
+
15pi2G2M2
8R20
+
37G3M3
8R30
− ΛR
3
0
12GM
− 6Λb
5(1 + α)
(GM)3
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And by virtue of the symmetry of the system about the line φ = pi/2, the total bending angle is just twice
of the above
∆ = 2ψ ≈ 4GM
R0
+
15pi2G2M2
4R20
+
37G3M3
4R30
− Λb
3
6GM
− 12Λb
5(1 + α)
(GM)3
(37)
Thus for α 6= −1 we have a new term in the expression for the bending angle and that term, as we have
discussed, is completely due to gtt · grr 6= −1 in the metric we have dealt with. Note also that while the
first of the dark energy terms is repulsive, the last term becomes attractive for α < −1.
Let us now estimate the relative strengths of the leading terms in Eq. (37) for the solar system, for
which the first term equals 1.75 arc seconds for R0 ≈ b ∼ 107m [2]. It is easy then to estimate that the
O(GM/R0)2 term is ∼ 10−4 times the first. Whereas taking Λ ∼ 10−52m−2, the first term due to the dark
energy, which is identical to that of the Schwarzschild-de Sitter spacetime, is seen to be around 10−30 times
the first. Coming to the last term, we find it is smaller than the first term by a factor of ∼ (1+α)×10−22.
Thus as expected, the dark energy has ignorable effect in the light bending in the solar system. However,
we also note that modulo the (1+α) factor, the last term is around 108 times greater than the usual term
due to the dark energy. Even though this does not count in the solar system anyway, one might expect to
get interesting things at length scales of galaxies or clusters of galaxies, as we shall point out below.
4.1 Light bending at large scales
When one considers a ‘vacuole bounded by the static radius’ description of a structure in ΛCDM (α = −1)
and uses the existing light bending data pertaining galaxies, while the leading contribution certainly
happens to come from the first order mass term (= 4MG/R0) in Eq. (37), the contribution due to the
cosmological constant (= −ΛR30/6GM) turns out to be comparable with the second order contribution
due to the mass (= 15pi2G2M2/4R20), leading to an independent upper bound on Λ [10]. Thus in order
to be compatible with the observed data, undoubtedly the mass term on the right hand side of Eq. (37)
must dominate the other terms. Now, since for α 6= −1, the last term on the right hand side of Eq. (37)
is new, let us estimate it using certain large scale light bending data.
But before we proceed, one caveat should be noted. In the case of the cosmological strong lensing,
one might need to consider light sources lying well outside the structure, i.e. the maximum turn around
radius [7]. In that case clearly using the static description and accordingly Eq. (37) may be inappropriate.
Note that this fact is also valid for the ΛCDM, considered in [10]. In other words if we wish to fit the
predictions of Eq. (37) (irrespective of whether α = −1), we must use sources located within the structure,
such as a star in a galaxy, with the central overdensity playing the role of the lens. The fact that we
had kept terms only linear in the dark energy in the expansion of the metric functions, Eq. (19), also
corresponds to this, i.e. we are interested in a length scale where the dark energy is not too dominant.
Accordingly, we shall use the various data summarized and used in [10] (see also references therein) to
constrain α appearing in Eq. (37). Also, if we wish to apply Eq. (37) for sources located outside the
structure, we can make a heuristic estimate on how far they could be to make our static approximation
tentatively valid. Let us consider the spatially homogeneous part of Eq. (5) where the proper or the
physical radius is : r = a(t)R. Differentiating r with respect to the time t we have
v = H(t)r + a(t)
dR
dt
where v is the total relative speed between the light source and the lens, and dR/dt is the radial peculiar
speed. Thus we may apply the static approximation as long as v ≪ c. Setting the current scale factor
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to unity and ignoring the peculiar speed, we have an upper bound, r . c/H(t0), where H(t0) is the
current Hubble rate, ∼ 73 km s−1Mpc−1, yielding, rmax . O(104)Mpc. Thus the proper distance between
the source and the lens must lie well within this bound (say, for example, a couple of hundred Mpc), for
Eq. (37) to be safely applicable.
All the data used below can be found in [10] and references therein.
For the Abell 2744 galaxy cluster, we haveM ≃ 1.97×1013M⊙h−1. Here h is the dimensionless Hubble
parameter defined as H(t0) = 100h, where H(t0) is the current Hubble rate ∼ 73 km s−1Mpc−1, giving
h = 0.73. The leading deflection of the light for this system is measured to be 5.53 × 10−5 rad, whereas
the subleading value is 2.25 × 10−9 rad. Equating the leading contribution to 4MG/R0, we estimate
R0 ≃ 1.01×1021m. If we now plug these values into the last term on the right hand side of Eq. (37), using
Λ ∼ 10−52m−2 and R0 ≈ b−GM ≈ b, we find it to be ∼ (1+α)× 105! Clearly this is impossible to accept
unless α = −1+ δα, with δα is such that the contribution to the light bending due to this particular term
is much small compared to the leading contribution and is comparable only with the second order value
in the bending angle. This gives us a very strict bound : |δα| . O(10−14).
For the Abell 1689 cluster, M ≃ 9.36× 1013M⊙h−1 and the leading value of the bending angle equals
1.88× 10−4 rad whereas the second order value equals 2.61× 10−8 rad, giving R0 = 1.4× 1021m. Plugging
these values into the last term on the right hand side of Eq. (37) as earlier, we find it equals ∼ (1+α)×104,
giving |δα| . O(10−12).
For the SDSS J1004 + 4112 quasar, we haveM ≃ 4.36×1013M⊙h−1 and the leading value of the bend-
ing angle is 1.05×10−4 rad whereas the second order value equals 8.06×10−9 rad, giving R0 ≃ 1.2×1021m,
yielding |δα| . O(10−13).
For the 3C 295 cluster, we haveM ≃ 7.1× 1013M⊙h−1, the leading and the next to the leading values
of the bending angle equal 1.5× 10−4 rad and 1.66× 10−8 rad respectively. This gives R0 ≃ 1.4× 1021m,
yielding |δα| . O(10−13).
For the Abell 2219L cluster, M ≃ 3.22× 1013M⊙h−1, the leading and the next to the leading values of
the bending angle equal 1.01× 10−4 rad and 7.47 × 10−9 rad respectively. This gives R0 ≃ 9.1 × 1020m,
yielding |δα| . O(10−14).
Finally, for the AC 114 cluster, M ≃ 9.23× 1012M⊙h−1, the leading and the next to the leading values
of the bending angle equal 4.57× 10−5 rad and 1.54× 10−9 rad respectively. This gives R0 ≃ 5.8× 1020m,
yielding |δα| . O(10−13).
Putting these all in together, we conclude that in the scenario we are concerned with, we must have
(1 + α) . O(10−14), which is the main result of this paper. Certainly, such astonishingly small value
was far from obvious a priori. We also note here that the inhomogeneity/staticity of the dark energy we
have considered shares the same origin of the structure itself, e.g. Eq. (16). If on the other hand, the
inhomogeneity is built up locally around a neighborhood of a point in a ‘small’ region, and if the size
of that region is much smaller than the impact parameter of the light ray, then certainly there would
be ignorable effect of such inhomogeneity into this phenomenon. However, note that the description we
are using is an effective one, to obtain a model of the static geometry in the entire bound zone of a
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structure. Given that the dark energy has repulsive effects, we have basically started with the expectation
that inhomogeneity/staticity of the dark energy, if any, should be built around a massive object/central
overdensity owing to the equivalence principle. A different static metric (but with this same basic idea),
as we have mentioned earlier, has recently been considered in [40] in the context of light bending (see also
references therein).
5 Discussions
In this work we have considered a scenario to investigate and eventually to rule out, using the light bending
phenomenon, possible inhomogeneity of the dark energy modelled effectively in the form of an ideal static
fluid, within the attraction dominated region of the maximum turn around radius of a cosmic structure.
We have also seen that as far as the non-relativistic motion of a test particle is concerned, it is analogous
in Eq. (3) and the cosmological McVittie, Eq. (5). Next, we have used relevant data for the light bending
at the galactic scales to show that α is rather severely constrained to −1 : (1 + α) . O(10−14). Clearly
such a tiny number was far from obvious a priori. While certainly it is not expected that the dark energy
would build any considerable spatial inhomogeneity anyway, the above estimate clearly probes the severity
of the ‘exclusion’ of it, as far as the effective fluid model we have considered is concerned.
Now, as we have also discussed earlier, the study of lensing in the McVittie background, Eq. (5) or
Eq. (8), in e.g. [38] (also references therein) yields absolutely no effect of the dark energy (including the
w = −1 case) on the leading order bending angle. Thus we may fairly conclude that Eq. (3) and Eq. (8)
(or, Eq. (5)) cannot be completely equivalent even though they predict equivalent trajectories in the non-
relativistic sector (Section 2), for in the relativistic sector the former predicts that the dark energy is
nothing but the cosmological constant in our effective static description, (1 + α) . O(10−14), with a non-
vanishing effect on the light bending angle, Eq. (37). Hence perhaps it would be an interesting task to
compute the post Newtonian corrections [4] of Eq. (4) and Eq. (11) and to see from what precise magnitude
of the velocity of the test particle, we start obtaining considerable disagreement between the predicted
trajectories. Perhaps our analysis thus adds to the recent debate on whether or under what conditions a
McVittie geometry can be equivalent to a static description, inside the maximum turn around radius [50]
(also references therein).
Finally, we have shown that, inside RTA,max, as far as obtaining a static spacetime geometry is concerned
with an effective static and ideal dark energy fluid, the Schwarzschild-de Sitter spacetime is the only
acceptable solution. Since this result is basically established by ruling out any such dark energy fluid other
than a positive Λ, we believe it to be interesting in its own right. Note that this is not analogous to the
proof of Birkhoff’s theorem with Λ > 0 [51], as we have essentially not dealt with isolated stationary de
Sitter black holes here.
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